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ABSTRACT
Learning neural operators for parameter-dependent PDEs requires

integrating physical parameters into the operator architecture. We

systematically compare three conditioning strategies for Fourier

Neural Operators (FNOs): local feature-wise modulation, global

channel-wise scaling, and input-level concatenation. Using iden-

tical backbones, we evaluate all mechanisms on four PDE sys-

tems—advection, Burgers, elasticity, and Navier–Stokes—and show

that conditioning consistently improves parameter generalization.

Local modulation performs best on most benchmarks, while global

scaling is most effective for linear elasticity. In a second stage, we

apply the PDE-Refiner training scheme to the strongest method

on each system and find that refinement improves some PDEs but

has limited effect on Navier–Stokes due to its strongly advective

dynamics. Our results provide a clear comparison of conditioning

designs and practical guidance for building parameter-aware neural

operators.

KEYWORDS
Neural Operators, PDE Forecasting, Parameter Generalization, Long-

horizon Stability

1 INTRODUCTION
Learning efficient surrogate models for partial differential equations

(PDEs) is an important goal in scientific machine learning. Many

tasks in fluid dynamics, elasticity, and transport require repeated

PDE evaluations under varying physical conditions, which makes

traditional numerical solvers expensive for large ensembles or real-

time deployment. Neural operators (NOs)[1–3, 7] provide a data-

driven alternative by learning mappings between function spaces,

avoiding the cost of running iterative numerical schemes.

Among existing operator-learning models, the Fourier Neural

Operator (FNO)[6] is one of the most widely used due to its ability

to capture long-range spatial interactions through spectral convo-

lution. FNO-based methods have achieved strong performance in

diverse applications, including weather forecasting[10] and seis-

mic modeling[4]. However, standard FNO architectures have no

clear mechanism for integrating physical parameters such as advec-

tion speeds, viscosity, forcing coefficients, or wave speeds. These

parameters significantly influence solution structure.

This motivates a central question:

How should physical parameters be incorporated into FNO to
improve accuracy on parameter-varying PDEs?

We propose architectural modifications to the FNO that define

how physical parameters interact with its spectral blocks. Our

design is instantiated through three conditioning mechanisms that

inject parameter information at different stages of the operator:

• Local Condition. The parameter vector is encoded by an

MLP to produce channel-wise scale and shift values. These

values are broadcast over spatial coordinates and applied

to intermediate spectral features through pointwise linear

modulation, allowing the parameters to adjust each Fourier

block directly.

• Global Condition. The parameters are mapped to a latent

vector of size 𝐶ℎ , broadcast spatially, and used as channel-

wise multiplicative factors on the learned feature map. This

introduces a global adjustment per channel without modi-

fying spatial patterns.

• InputConcatenation.The parameters are broadcast across

the grid and appended as extra channels before the first

Fourier layer. This gives the model access to parameter

information without altering the internal spectral transfor-

mations.

These mechanisms represent the primary strategies through

which parameter information can enter an operator-learning model:

local feature modulation, global channel scaling, and direct input

augmentation. To compare their behavior across diverse physical

regimes, we evaluate all threemechanisms on four PDE benchmarks

with different dynamics and parameter dependencies:

• 2D Advection–Diffusion with random velocities (𝑐𝑥 , 𝑐𝑦);
• 2D Burgers equation with viscosity 𝜈 ;

• 2D Elastic Wave propagation with wave speeds (𝑐𝑝 , 𝑐𝑠 );
• 2D Navier–Stokes in vorticity form with forcing coeffi-

cients (coef𝑥 , coef𝑦).
We train sixteen models in total: three conditioned variants and

one unconditioned baseline on each benchmark, to assess how each

conditioning strategy interacts with different PDE dynamics, in-

cluding transport, diffusion, oscillations, and nonlinear fluid flow.

For the best-performing strategy on each benchmark, we apply the

refinement technique introduced in [8], adjusting only hyperpa-

rameters while keeping the model structure unchanged.

This study examines how different conditioning mechanisms

influence the behavior of FNO. By treating conditioning as the cen-

tral design variable and evaluating three representative strategies

across several PDE systems, we aim to provide a clear compari-

son that can inform the construction of parameter-aware operator

models.

2 PROBLEM DEFINITION
We study parameter-dependent partial differential equations (PDEs)

of the form

F (𝑢; p) = 0,

where 𝑢 : Ω → R𝐶 is the solution field defined on a spatial domain

Ω ⊂ R2
, and p ∈ R𝑑 denotes a vector of physical parameters such as

advection velocities, viscosity, wave speeds, or forcing coefficients.
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In many scientific and engineering settings, the parameters p vary

across instances, and the goal is to construct a surrogate model that

predicts the corresponding solution fields efficiently.

Let 𝑢0 be an initial condition and let 𝑢 denote the resulting solu-

tion field at a fixed target time 𝑡★ after numerical integration of the

PDE. We consider datasets of the form

D = {(𝑢 (𝑖 )
0
, p(𝑖 ) , 𝑢 (𝑖 ) )}𝑁𝑖=1,

where each sample is generated by solving the PDE under a specific

set of parameters p(𝑖 ) . Our original objective is to learn an operator

G𝜃 : (𝑢0, p) ↦→ 𝑢,

where 𝑢 is the model prediction of the PDE solution at time 𝑡★.

We now extend this setting to time-dependent data. Instead of

observing only the solution at a single target time 𝑡★, we consider

trajectories sampled on a uniform temporal grid. For each PDE

instance, we observe the solution at times

𝑡𝑘 = 𝑘Δ𝑡, 𝑘 = 0, 1, . . . , 𝐾, 𝑡𝐾 = 𝑡★,

so that each sample provides a sequence {𝑢 (𝑖 ) (𝑡𝑘 )}𝐾𝑘=0 together with
the corresponding parameter vector p(𝑖 ) . The learning problem is to

construct a surrogate that uses the observed state and parameters

to predict the future states along this grid.

To make use of the temporal structure, we introduce a one-step

operator

G𝜃 : (𝑢 (𝑡𝑘 ), p) ↦→ 𝑢 (𝑡𝑘+1),
and train it on pairs

(
𝑢 (𝑖 ) (𝑡𝑘 ), p(𝑖 )

)
↦→ 𝑢 (𝑖 ) (𝑡𝑘+1) across all trajecto-

ries and time indices. At inference time, we generate a rollout by

applying G𝜃 autoregressively. Starting from the initial condition

𝑢0 = 𝑢 (0), we form

𝑢 (𝑡1) = G𝜃 (𝑢0, p), 𝑢 (𝑡2) = G𝜃 (𝑢 (𝑡1), p), . . . , 𝑢 (𝑡𝐾 ) = G𝜃 (𝑢 (𝑡𝐾−1), p) .

Rollout introduces an additional source of error growth beyond

single-step prediction. Suppose that, on average, the relative error

of one step is of order 𝑎%, in the sense that

∥G𝜃 (𝑢 (𝑡𝑘 ), p) − 𝑢 (𝑡𝑘+1)∥
∥𝑢 (𝑡𝑘+1)∥

≈ 𝑎%.

If local errors are amplified multiplicatively through repeated ap-

plication of G𝜃 , then after 𝑛 rollout steps the deviation factor scales

approximately like (1 + 𝑎%)𝑛 . Such exponential amplification is

common in time-dependent PDEs whose dynamics amplify pertur-

bations. This makes it necessary to reduce the one-step prediction

error as much as possible.

3 RELATEDWORK
Neural operators for PDEs. Neural operators learn mappings be-

tween function spaces and have become a versatile framework

for PDE surrogate modeling. DeepONet[9] represents nonlinear

operators through a branch–trunk decomposition, while graph-

based neural operators[12] extend operator learning to irregular

meshes. Kernel-based and attention-guided variants[1–3] further

enhance expressiveness for fluid dynamics, elasticity, andmultiscale

transport. These models focus primarily on architectural flexibil-

ity, whereas the question of how physical parameters should be

integrated into operator layers remains relatively unstudied.

Fourier Neural Operators. The FNO [6] performs spectral convolu-

tion through Fourier-spaceweights, enabling global spatial coupling

and strong resolution transfer. Extensions include multi-resolution

variants[5], geometry-aware formulations[3], and domain-specific

adaptations used in forecasting and seismic inversion[4, 10]. These

works improve spatial modeling but generally treat physical pa-

rameters as auxiliary inputs appended to the initial condition. As a

result, the way parameters interact with spectral representations

is rarely analyzed. Our work focuses on this aspect by examining

how parameter signals can be injected at different points within

the FNO computation.

Conditioning mechanisms. Conditioning strategies such as FiLM

[11], channel-wise modulation, and input augmentation are widely

used in generative modeling and supervised prediction. In PDE

surrogate models, parameters are often introduced through input

concatenation or global embeddings [13]. Recent studies have ap-

plied conditioning ideas to FNO-like architectures in specific ap-

plications. Zeng et al.[16] propose a conditional FNO for optical

fiber propagation, and Zhu et al.[17] introduce FiLM and spectral

gating inside FNO blocks as part of an equation-aware emulator.

These approaches demonstrate the potential value of condition-

ing but integrate it with additional architectural changes tailored

to particular domains. In contrast, our work isolates condition-

ing itself as the design variable and evaluates three representative

mechanisms—local modulation, global channel scaling, and input

concatenation—within an otherwise standard FNO architecture.

4 METHOD
We build on the FNO[6] and study how physical parameters should

be integrated. This section first recalls the baseline FNO architecture

and then introduces three conditioning mechanisms that inject

parameters at different stages of the architecture. In what follows,

we focus on the two-dimensional case for clarity, while the same

structure extends to any spatial dimension.

4.1 Baseline Fourier Neural Operator
Let 𝑥 ∈ R𝐵×Ω denote the input field on a regular grid, where Ω
is the shape of each sample, and let F be the 2D discrete Fourier

transform applied channel-wise. A standard FNO layer computes

ℎ = 𝜎
(
F −1(𝑅𝜃 (F (𝑥))

)
+𝑊𝑥

)
, (1)

where 𝑅𝜃 multiplies a fixed set of low-frequency modes by learnable

weights and leaves the remaining modes unchanged,𝑊 is a point-

wise 1 × 1 convolution, and 𝜎 is a nonlinear activation. Stacking

several layers yields an operator

G𝜃 : 𝑢0 ↦→ 𝑢.

The next two conditioning mechanisms are introduced by modify-

ing Eq. 1.

4.2 Local Conditioning: Feature-Wise
Modulation

We now introduce a parameter vector p ∈ R𝑑 . We begin with the

local conditioning mechanism, which modifies the intermediate

feature representation of each Fourier block through feature-wise

affine modulation. This design introduces parameter dependence
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Figure 1: Illustration of the local conditioning mechanism.
The physical parameters p are embedded into c, which con-
trols feature-wise affine modulation inserted between two
spectral transformations. The resulting operator is equiva-
lent to a parameter-dependent convolution.

directly into the spectral path, allowing the operator to adjust its

response for different physical regimes.

Parameter embedding. The physical parameters p are first ex-

panded using a sinusoidal feature map [14, 15] with a fixed bank of

frequencies and then transformed by a linear projection:

cloc = 𝜂loc (p) ∈ R𝐶ℎ ,

where 𝐶ℎ is the hidden channel width.

Two-step spectral path with modulation. To allow conditioning

to influence spectral computation at a deeper level, we adopt a

two-step spectral path. The first spectral transformation produces

an intermediate state:

h = F −1(𝑅 (1)
𝜃

(F (𝑥))
)
+𝑊 (1)𝑥,

where 𝑅
(1)
𝜃

multiplies a set of Fourier modes by learned weights.

We then apply FiLM-style modulation based on cloc:

˜h = 𝛼 (cloc) ⊙ h + 𝛽 (cloc),
with 𝛼, 𝛽 : R𝐶ℎ →R𝐶ℎ as learned affine projections.

The modulated representation flows into a second spectral block:

𝑦 = F −1(𝑅 (2)
𝜃

(F ( ˜h))
)
+𝑊 (2) ˜h.

Operator interpretation. Since FiLM modulation and the spectral

transforms are linear in the feature space, the entire mapping forms

a convolution whose kernel depends on p. Formally:

Proposition 4.1. Consider a spectral path

𝑥
F−→ 𝑅

(1)
𝜃

F−1
−−−→ h

FiLM−−−→ ˜h
F−→ 𝑅

(2)
𝜃

F−1
−−−→ 𝑦.

Then the overall mapping can be written as a parameter-dependent
convolution

𝑦 = 𝑥 ∗ 𝑓 |p + 𝑏 |p,

where 𝑓 |p and 𝑏 |p are defined by the Fourier coefficients of 𝑅 (1)
𝜃

, 𝑅 (2)
𝜃

,
and the FiLM parameters 𝛼 (cloc) and 𝛽 (cloc).

A full derivation of Proposition 4.1 is provided in Appendix A.

This mechanism yields the most expressive form of parameter in-

jection: each hidden channel can independently reweight and shift

its spectral activation based on p.

4.3 Global Conditioning: Channel-Wise Spectral
Scaling

Spectral Path

Residual Path
+�

·

Figure 2: Illustration of the global conditioning mechanism.
The physical parameters p are embedded into a global con-
dition vector that modulates the operator through a shared
affine transformation applied after the spectral update. The
global modulation applies a single scale and shift across
the entire feature map. This produces an operator whose
response depends on p while preserving a uniform adjust-
ment across all hidden channels.

We now introduce the global conditioning mechanism, where

the physical parameters modulate the operator output through

channel-wise scaling applied after the Fourier blocks. This mech-

anism follows the branch–trunk interaction used in DeepONet:

the Fourier network acts as the trunk and the parameter encoder

provides global coefficients that gate the trunk features.

Parameter embedding. The physical parameters p are processed

totally the same as the ones in local conditioning, producing

cloc = 𝜂loc (p) ∈ R𝐶ℎ .

Trunk operator and global gating. Let G𝜃 denote the Fourier op-
erator obtained by stacking several blocks as in Eq. 1:

𝑦 = G𝜃 (𝑥) ∈ R𝐶ℎ×Ω .

Global conditioning is applied at the output of this operator through

direct channel-wise multiplication:

𝑦 = cglob ⊙ 𝑦,

where cglob is broadcast over all spatial coordinates.

Operator interpretation. For fixed p, the mapping

𝑥 ↦−→ 𝑦 (𝑥 ; p) = cglob ⊙ G𝜃 (𝑥)

is linear and translation-equivariant in 𝑥 , hence it can be written

as a parameter-dependent convolution

𝑦 (𝑥 ; p) = 𝑥 ∗ 𝑓 |p .

The parameters do not modify the spatial structure of the kernel;

instead they control the contribution of each channel produced by

G𝜃 .
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4.4 Input-Level Conditioning
The third conditioning strategy injects the parameter vector directly

at the input layer by concatenating it with the spatial field 𝑥 . This

keeps the internal Fourier blocks unchanged and serves as the

architecture with the smallest change.

Concatenation with the input field. The broadcasted parameter 𝑝

is concatenated with the original input:

𝑥aug = concat(𝑥, p).
The augmented field 𝑥aug is then passed to a standard FNO:

𝑦 = FNO(𝑥aug).

Operator interpretation. In this setting the parameters are treated

as extra input channels that are constant in space. The network

must infer how p affects the solution purely through the subsequent
Fourier layers, without any explicit structure in the way p interacts

with the spectral kernels.

4.5 Two-Stage Methodological Framework
Our study follows a two-stage methodological framework aimed

at separating the effect of conditioning and evaluating its rollout

performance under a refined training scheme.

Stage 1: comparison of conditioning mechanisms across PDE

systems. In this stage, we train each conditioning mechanism. Each

model uses the same backbone architecture, similar parameter

counts, and the same spectral resolution. The goal is to determine,

for each PDE system, which mechanism produces the strongest

parameter-dependent operator.

Stage 2: refinement with enhanced training. In this stage, we

take the best-performing mechanism for each benchmark and re-

train it using the enhanced training scheme introduced in prior

work [8], which uses iterative operator refinement with curriculum

training. This refinement stage follows the original procedure with-

out modification, with only a small number of hyperparameters

adjusted to fit the characteristics of each PDE. This stage evaluates

the maximum accuracy each PDE system can reach.

4.6 Explanation of the Refinement Scheme
To clarify the enhanced training scheme introduced in [8], we briefly

summarize the refinement mechanism. The method replaces pure

one-step training with an iterative denoising objective that forces

the model to correct its own prediction across multiple noise levels.

At refinement step𝑘 = 0, themodel performs a standard one-step

update:

𝑢 (𝑡) ≈ G𝜃
(
0, 𝑢 (𝑡 − Δ𝑡), 0

)
,

which recovers the classical MSE objective.

For 𝑘 > 0, the ground-truth solution is perturbed by Gaussian

noise whose variance decreases with the refinement index:

𝑢𝑘 (𝑡) = 𝑢 (𝑡) + 𝜀𝑘 , 𝜀𝑘 ∼ N
(
0, 𝜎2

𝑘
𝐼
)
, 𝜎𝑘 = 𝜎

𝑘/𝐾
min

.

The training target becomes the noise itself:

G𝜃
(
𝑢𝑘 (𝑡), 𝑢 (𝑡 − Δ𝑡), 𝑘

)
≈ 𝜀𝑘 .

This denoising objective forces the operator to model solution com-

ponents across the whole frequency spectrum, since different noise

levels highlight different spatial frequencies of the signal.

During inference, the refinement loop iteratively improves an

initial prediction. Starting from

𝑢1 (𝑡) = G𝜃
(
0, 𝑢 (𝑡 − Δ𝑡), 0

)
,

each refinement step applies the inverse denoising update:

𝑢𝑘+1 (𝑡) = 𝑢𝑘 (𝑡) − G𝜃
(
𝑢𝑘 (𝑡), 𝑢 (𝑡 − Δ𝑡), 𝑘

)
𝜎𝑘 , 𝑘 = 1, . . . , 𝐾 .

As 𝜎𝑘 decreases, later iterations correct lower-amplitude frequency

components, resulting in substantially improved long-time rollout

stability.

5 EXPERIMENTS
5.1 Experimental Setup
5.1.1 PDE benchmarks. We evaluate the three conditioning mech-

anisms on four time-dependent PDE benchmarks constructed with

Fourier pseudo-spectral solvers on periodic grids. All datasets are

generated on regular 64 × 64 spatial grids with varying physical

parameters, making them suitable for testing parameter-dependent

operator learning. All the data are solved on [0, 2]2 with periodic

boundaries using a Fourier spectral discretization in space and a

fourth-order Runge–Kutta integrator in time. Below we summa-

rize the governing equations, conditioning parameters, and dataset

construction for each benchmark.

Advection–Diffusion. This benchmark describes the transport

and diffusion of a scalar field𝑢 (𝑥,𝑦, 𝑡) under a spatially uniform but

randomly sampled velocity field 𝑣 = (𝑐𝑥 , 𝑐𝑦) and a time-dependent

source term:

𝜕𝑡𝑢 = 𝜈Δ𝑢 − 𝑣 · ∇𝑢 + 𝑠 (𝑥,𝑦, 𝑡),
with a fixed viscosity𝜈 = 10

−3
. The velocity components (𝑐𝑥 , 𝑐𝑦) are

sampled independently from [−1, 1] and serve as the conditioning

parameters. This system shows that the flow moves in different

directions depending on the condition.

Burgers. The Burgers benchmark models a two-component ve-

locity field 𝑢 (𝑥,𝑦, 𝑡) = (𝑢1, 𝑢2) governed by a viscous Burgers sys-

tem:

𝜕𝑡𝑢 + (𝑢 · ∇)𝑢 = 𝜈Δ𝑢.

The viscosity 𝜈 is sampled uniformly from [0.01, 0.1] and used as

the conditioning parameter. This system shows how fast the flow

will dissipate.

Elastic Waves. The elasticity benchmark simulates wave prop-

agation of a displacement field 𝑢 (𝑥,𝑦, 𝑡) = (𝑢𝑥 , 𝑢𝑦) obeying a first-
order formulation of the elastic wave equation:

𝜕𝑡𝑢 = 𝑣, 𝜕𝑡𝑣 = (𝑐2𝑝 − 𝑐2𝑠 ) ∇(∇·𝑢) + 𝑐2𝑠Δ𝑢,
where 𝑣 denotes velocity and (𝑐𝑝 , 𝑐𝑠 ) are the P-wave and S-wave

speeds. We treat (𝑐𝑝 , 𝑐𝑠 ), sampled from [0, 1]2, as the conditioning
parameters. This system shows how fast the wave propagates in

the x-direction and the y-direction, respectively.

Navier–Stokes. For the incompressible flow benchmark, we

consider the Navier–Stokes equations in vorticity form:

𝜕𝑡𝜔 + 𝑢 · ∇𝜔 = 𝜈Δ𝜔 + 𝑓 (𝑥,𝑦),
where 𝜔 is the scalar vorticity and 𝑢 is recovered from a stream

function via 𝜔 = Δ𝜓 . We fix the viscosity at 𝜈 = 10
−3

and introduce

a divergence-free forcing 𝑓 built from low-frequency sinusoidal
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Figure 3: Scaling behavior of the local conditioning model as
the number of training samples increases. Performance satu-
rates at approximately 4k samples, indicating a data–capacity
limit under fixed model size.

modes. The forcing amplitudes are controlled by two coefficients

(𝛼𝑥 , 𝛼𝑦), sampled from [0, 2]2, which serve as the conditioning

parameters. This system will show how the flow move based on

the condition.

5.1.2 Model variants. We compare four models: the FNO without

conditioning and the three conditioning models. All models use

the same hidden channel width of 32 and the same Fourier modes

(12, 12). For the local conditioning model, we use three blocks,

while the other three models use six blocks so that all variants

contain the same number of spectral convolutions. All conditioning

inputs are embedded into a 128-dimensional vector.

5.1.3 Training procedure. Models are trained using Adam with a

learning rate of 10
−3

and cosine decay. Each model is trained until

convergence. For both Stage 1 and Stage 2, we use the 𝐿2 loss when

𝑘 = 0, and in Stage 2 we switch to MSE loss when 𝑘 > 0.

5.2 Scaling Law Analysis: Effect of Training Set
Size

To understand how the proposed conditioning mechanisms behave

as the amount of training data increases, we conduct a scaling study

on the local conditioning model, which is the strongest performer

in Stage 1 for most benchmarks. We fix all hyperparameters and

architecture settings, and vary the number of training samples as

𝑁 ∈ {1k, 2k, 4k, 8k}.

For each value of𝑁 , we train themodel to convergence and evaluate

on the same held-out test set.

Figure 3 summarizes the scaling behavior. The error decreases in

an approximately exponential manner as the sample size increases,

and by 4k samples the curve is already close to its limit. This sug-

gests that, for this PDE family, the local conditioning mechanism

reaches its data–capacity limit at moderate dataset sizes, and ad-

ditional data does not significantly improve generalization unless

model width or depth is increased.

Method Advection Burgers Elasticity Navier–Stokes

Local 0.1050 0.0016 0.3232 0.1185

Global 0.1262 0.0019 0.2967 0.1359

Input-Level 0.1343 0.0023 0.2979 0.1175
Vanilla FNO 0.9430 0.0369 0.5057 0.1490

Table 1: Stage 1 comparison of conditioning strategies across
four PDE benchmarks. Values report 𝐿2 error (↓).

Advection

  Burgers

Elastic Waves

Navier--Stokes

Input Output GT Error

Figure 4: One-step predictions on all four PDE benchmarks
using the best-performing conditioned FNO variant for each
task. For every benchmark, we show the input field at the
rollout start time, the predicted field, the ground-truth field
at the same time, and the 𝐿2 error.

5.3 Results Across PDE Benchmarks
Table 1 summarizes the Stage 1 performance of the three condition-

ing mechanisms and the vanilla FNO across the four PDE bench-

marks. Across all systems, explicit conditioning yields improve-

ments over the unconditioned baseline, showing the conditional

models are effective.

Advection–Diffusion. This benchmark is the most sensitive to

parameter shifts: the unconditioned FNO exhibits a large error of

0.9430, confirming that an operator trained on a limited velocity

distribution generalizes poorly when the advective field changes.

All three conditioning mechanisms significantly reduce the error,

with local conditioning achieving the best performance at 0.1050.

Global and input-level conditioning follow with moderately higher

errors (0.1262 and 0.1343), indicating that the model is able to learn

the direction of the flow, but the remaining errors accumulate across

the uniform grid points.

Burgers. For Burgers’ equation, viscosity controls the relative

contribution of advection and diffusion. All conditioned models

outperform the unconditioned FNO by a large margin (baseline

0.0369), and the best-performing two mechanisms—local (0.0016)

and global (0.0019)—achieve nearly identical accuracy. This trend
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reflects the global nature of viscosity: channel-wise spectral scal-

ing already captures most of the required parameter dependence,

so the additional affine modulation in local conditioning brings

only a slight improvement. Input-level conditioning is still effective

(0.0023) but remains the weakest of the three, consistent with its

limited interaction with the spectral operator.

Elastic Waves. Because the elasticity system is a purely linear

PDE, its parameter dependence enters the solution through linear

changes in the P-wave and S-wave speeds. As a result, channel-

wise scaling provides the most effective form of modulation. This is

reflected in the results: global conditioning achieves the lowest error

(0.2967), closely followed by input concatenation (0.2979), while

local conditioning performs slightly worse (0.3232). The strong gap

relative to the unconditioned baseline (0.5057) further shows that

parameter awareness remains essential.

Navier–Stokes. Among the four conditioningmechanisms, input-

level conditioning performs the best on the Navier–Stokes bench-

mark. However, as shown in Table 1, the performance differences

among the four models are much smaller than in the other PDEs.

This behavior reflects the structure of the equation: the dominant

transport term (𝑢 · ∇)𝑢 does not depend on the parameter, so the

main vortex structures remain nearly unchanged across different

viscosity values. The external forcing also contributes only weakly

to the variation. As a result, all three conditioned models recover

the large-scale flow in a similar way, while the errors are mainly

concentrated in the thin filamentary regions where viscosity affects

small-scale dissipation. This explains why the three conditioning

mechanisms achieve very similar errors on this benchmark and

why parameter conditioning only helps to a limited extent.

5.4 Stage 2 Results Across PDE Benchmarks
At this stage, we evaluated the refinementmodel on theNavier–Stokes

dataset and observed that the results were unsatisfactory. As shown

in the Fig 5, varying the refinement depth k leads to almost no

change in the model’s prediction. Inspecting the training process

reveals that the loss remains around 0.1, indicating an error level

above 10% and a clear sign of underfitting. This behavior may stem

from the highly variable conditioning in this system, which makes

it difficult for the model to learn a stable correction direction. Since

the refinement steps do not effectively reduce the error, the model

eventually becomes unstable and breaks down at about the sixth

time step as shown in Fig 6.

6 CONCLUSION AND DISCUSSION
This work provides a systematic comparison of how physical pa-

rameters should be incorporated into Fourier Neural Operators. By

evaluating local modulation, global channel-wise scaling, and input-

level concatenation across four PDE systems using identical back-

bones, we show that explicit conditioning is essential for parameter-

dependent operator learning. Local modulation yields the strongest

overall accuracy, particularly for nonlinear or parameter-sensitive

systems such as advection and Navier–Stokes, while global scaling

is most effective for linear elasticity, where its structure aligns nat-

urally with the PDE. Input-level concatenation offers a simple but

consistently weaker alternative. In the second stage, we applied the

Figure 5: Across refinement depths 𝑘 = 1 to 𝑘 = 4, the er-
ror curves almost overlap with the baseline model (𝑘 = 0),
indicating that refinement does not improve long-horizon
stability for this system. The highly advective dynamics dom-
inate the evolution, and the correction steps fail to reduce
accumulated rollout error.

GT k=1 k=2 k=3 k=4k=0

t=0

t=1

t=5

t=6

t=2

Figure 6: Across time steps 𝑡 = 0 to 𝑡 = 6, the predicted vor-
ticity fields remain nearly identical for all refinement levels,
showing no visible improvement over the baseline. This con-
firms that refinement does not alter the trajectory for this
system, consistent with the dominance of the advective dy-
namics and the inability of the correction steps to reduce
accumulated errors.

PDE-Refiner training scheme to the best method for each bench-

mark. Refinement improves some systems but has limited effect on

Navier–Stokes, reflecting the dominance of advective dynamics and

the difficulty of learning stable correction steps. Overall, our study
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clarifies the roles of different conditioning strategies and offers

practical guidance for designing parameter-aware neural operators.
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SUPPLEMENTARY MATERIAL
A PROOF OF THEOREMS

Theorem A.1. Let F and F −1 denote the Fourier transform and its inverse. Consider a spectral path that applies two consecutive spectral
transformations with a FiLM modulation in between:

h = F −1(𝑀1 (𝜉) F {𝑥}
)
, ˜h = 𝛼 (c) h + 𝛽 (c), 𝑦 = F −1(𝑀2 (𝜉) F { ˜h}

)
,

where𝑀1 (𝜉) and𝑀2 (𝜉) are frequency-wise multipliers, and 𝛼 (c), 𝛽 (c) are per-channel scalars broadcast over space (i.e., spatially constant), with
c = [𝛾 (𝜏), 𝜂 (p) ] .

Then 𝑦 can be written as a condition-dependent convolution plus (optional) bias:

𝑦 = 𝑥 ∗ 𝑓 |c + 𝑏 |c,
with

𝑓 |c = F −1(𝛼 (c)𝑀2 (𝜉)𝑀1 (𝜉)
)
, 𝑏 |c = 𝛽 (c) F −1(𝑀2 (𝜉)

)
.

In particular, if 𝛽 (c) ≡ 0, then
𝑦 = 𝑥 ∗ 𝑓 |c, 𝑓 |c = F −1(𝛼 (c)𝑀2 (𝜉)𝑀1 (𝜉)

)
.

Proof. By definition of the first spectral transformation,

h = F −1(𝑀1 (𝜉) F {𝑥}
)
.

Applying FiLM with spatially constant scalars 𝛼 (c), 𝛽 (c) yields
˜h = 𝛼 (c) h + 𝛽 (c) .

Taking the Fourier transform and using linearity,

F { ˜h} = 𝛼 (c) F {h} + 𝛽 (c) 𝛿 (𝜉) = 𝛼 (c)𝑀1 (𝜉) F {𝑥} + 𝛽 (c) 𝛿 (𝜉),
where 𝛿 (𝜉) is the Dirac delta at 𝜉 = 0. Passing this through the second spectral transformation,

𝑦 = F −1
(
𝑀2 (𝜉)

[
𝛼 (c)𝑀1 (𝜉) F {𝑥} + 𝛽 (c) 𝛿 (𝜉)

] )
= F −1(𝛼 (c)𝑀2 (𝜉)𝑀1 (𝜉) F {𝑥}

)︸                                ︷︷                                ︸
term (A)

+F −1(𝛽 (c)𝑀2 (𝜉) 𝛿 (𝜉)
)︸                      ︷︷                      ︸

term (B)

.

Term (A) equals a convolution by the convolution theorem:

(A) = 𝑥 ∗ F −1(𝛼 (c)𝑀2 (𝜉)𝑀1 (𝜉)
)
= 𝑥 ∗ 𝑓 |c .

Term (B) reduces to a condition-dependent bias:

(B) = 𝛽 (c) F −1(𝑀2 (𝜉)
)
= 𝑏 |c .

Combining the two terms gives

𝑦 = 𝑥 ∗ 𝑓 |c + 𝑏 |c .
If 𝛽 (c) ≡ 0, the bias term vanishes, yielding the pure convolution form. □
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